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Best fit:

• maximize likelihood

• maximize the posterior

• compute the probability distribution of the posterior
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Maximum likelihood estimation (ML)

Likelihood:

L(µ|O) = p(O|µ) =
∏
x∈O

p(x |µ)

L(µ|O) = log L(µ|O) =
∑
x∈O

log p(x |µ)
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Maximum likelihood estimation (ML)

Likelihood:

L(µ|O) = p(O|µ) =
∏
x∈O

p(x |µ)

L(µ|O) = log L(µ|O) =
∑
x∈O

log p(x |µ)

The model that maximizes the likelihood:

µML = argmaxµL(µ|O) = argmaxµ
∑
x∈O

log p(x |µ)

Maximum:
∂L(µ|O)

∂µk
= 0;∀µk ∈ µ
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Maximum likelihood estimation (ML) – example

O: N coin tossing experiments, N = nh + nt

8 / 47



Maximum likelihood estimation (ML) – example

O: N coin tossing experiments, N = nh + nt
µ: ph p(X = xi |ph) = pxih (1− ph)1−xi

xi = 1 for heads, xi = 0 for tails

9 / 47



Maximum likelihood estimation (ML) – example

O: N coin tossing experiments, N = nh + nt
µ: ph p(X = xi |ph) = pxih (1− ph)1−xi

xi = 1 for heads, xi = 0 for tails

L(ph|N) =
∑
i=1,N

log p(X = xi |ph)

10 / 47



Maximum likelihood estimation (ML) – example

O: N coin tossing experiments, N = nh + nt
µ: ph p(X = xi |ph) = pxih (1− ph)1−xi

xi = 1 for heads, xi = 0 for tails

L(ph|N) =
∑
i=1,N

log p(X = xi |ph)

=
∑
i=1,N

log(pxih (1− ph)1−xi )

=
∑
i=1,N

xi log ph + (1− xi ) log(1− ph)

= nh log ph + nt log(1− ph)

ph ML = argmaxpL(ph|N)

→ ∂L(ph|N)

∂ph
=

nh
ph ML

− nt
1− ph ML

= 0

ph ML =
nh
N
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Maximum a posteriori estimation (MAP)

Similar to ML estimation, but incorporates some prior knowledge
about the parameters.

p(O, µ) = p(O|µ) p(µ) = p(µ|O) p(O)
likelihood prior posterior evidence

p(µ|O) =
p(O|µ) p(µ)

p(O)
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Maximum a posteriori estimation (MAP)

Similar to ML estimation, but incorporates some prior knowledge
about the parameters.

µMAP = argmaxµp(µ|O)

= argmaxµ
p(O|µ)p(µ)

p(O)

= argmaxµ p(O|µ) p(µ)

likelihood prior

= argmaxµL(O|µ) + log p(µ)
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About priors – Beta/Dirichlet

p(ph|αh, αt) = Beta(ph|αh, αt) =
1

B(αh, αt)
pαh−1
h (1− ph)αt−1
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Maximum a posteriori estimation (MAP) – example

N coin tossing experiments, head/tails; N = nh + nt
ph – probability to get a head
Prior belief about the coin: p(ph) = Beta(ph|αh, αt)

µMAP = argmaxµL(ph|N) + log p(ph)

→ nh
ph
− nt

1− ph
+
αh − 1

ph
− αt − 1

1− ph
= 0

µMAP =
nh + αh − 1

N + αh − 1 + αt − 1
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Bayesian estimation
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