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Motivation

Assumption: the data was generated according to some model that
we try to retrieve.
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Motivation

Assumption: the data was generated according to some model that
we try to retrieve.

The observation O: the texts.
The model p: parameters and probability distributions that
generated the data — the one that fits the data best.

p(O.p) = pOlp)  p(r) = p(ulO) p(0)
likelihood prior posterior evidence
Best fit:

e maximize likelihood
e maximize the posterior

e compute the probability distribution of the posterior
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Maximum likelihood estimation (ML)

Likelihood:

L(u0) = p(Olu) = [ p(xI1)

xeO

L(p]0) = log L(1|0) = > log p(x]11)

xeO
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Maximum likelihood estimation (ML)

Likelihood:

L(u|0) = p(Olu) = ] p(xIn)

xeO
L(p]0) = log L(1|0) = > log p(x]11)
xeO

The model that maximizes the likelihood:

pme = argmax, L(p|O) = argmax;, Z log p(x| 1)
x€O
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Maximum likelihood estimation (ML)

Likelihood:

L(u0) = p(Olu) = [ p(xI1)

xeO
L(p]0) = log L(1|0) =Y log p(x]11)
xeO
The model that maximizes the likelihood:

pme = argmax, L(p|O) = argmax;, Z log p(x|p)
x€O

Maximum:

OL(p|O)

=0;V
Byix Mk € [
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Maximum likelihood estimation (ML) — example

O: N coin tossing experiments, N = nj, + n;
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O: N coin tossing experiments, N = nj, + n;
wopn p(X = xilpn) = p (1 — pp)' =
x; = 1 for heads, x; = 0 for tails
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Maximum likelihood estimation (ML) — example

O: N coin tossing experiments, N = nj, + n;
wopn p(X = xilpn) = p (1 — pp)' =
x; = 1 for heads, x; = 0 for tails

L(palN) = > logp(X = xilpn)
i=1,N
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Maximum likelihood estimation (ML) — example

O: N coin tossing experiments, N = nj, + n;
wopn p(X = xilpn) = p (1 — pp)' =
x; = 1 for heads, x; = 0 for tails

L(pn|N)

Ph ML

> log p(X = xi|ps)

i=1,N

Z log(p; (1 — ph)l_x")

i=1,N

Z xilog pp + (1 — x;) log(1 — pp)
i=1,N

nplog pp + nelog(1 — pp)

argmaxpL(pp|N)
6£(ph]N): nh ne

=0
Opn Phme 1 —prmL
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Maximum a posteriori estimation (MAP)

Similar to ML estimation, but incorporates some prior knowledge
about the parameters.

p(O,p) = pOlp)  p(p) = p(ulO) p(0)
likelihood prior posterior evidence
p(|0) = p(O|p) p(n)

p(O)
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Maximum a posteriori estimation (MAP)

Similar to ML estimation, but incorporates some prior knowledge

about the parameters.

H“MAP

argmax,p(u|O)
P(O|p)p(1)
p(0)
argmax, p(Olu)  p(i)
likelihood prior

argmax, L(O|p) + log p(p)

argmax;,
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About priors — Beta/Dirichlet

1 _ _
p(Pnlan, ar) = Beta(pp|ap, ar) = mpﬁh 1(1 — pn)™* !
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About priors — Beta/Dirichlet
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Maximum a posteriori estimation (MAP) — example

N coin tossing experiments, head/tails; N = nj, + n;
pn — probability to get a head
Prior belief about the coin: p(pn) = Beta(pp|ap, at)

HUMAP

HMAP

argmax, L(pn|N) + log p(pn)
np ng ap — 1 oy — 1 _

L - =0
pn 1= pn Ph 1 — pn

np+a,—1
N+ap,—1+ar—1
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Bayesian estimation

Similar to MAP estimation, but instead of maximizing to obtain
the model, we induce a distribution of the model:

p(Olp)p(1)

p(O)
The probability of the observation (O) is the expected value,
according to all possible model variations, given its prior:

p(u|O) =

p(0) = / POl
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More about priors — conjugate distributions

P(O|u)p(
Juco P(Ol)P

)
p)dp

=

p(p|O) =

—~

18 /39



More about priors — conjugate distributions

P(O|u)p(r)
Juco P(OI)P(k)dp

A conjugate prior p(u) of a likelihood p(O|u) is a distribution that
results in a posterior distribution p(u|O) with the same functional
form as the prior, and a parametrisation that incorporates the
observations O. (they are conjugate if they have the same
functional form)

p(p|O) =

Discrete Continuous

Bernoulli Beta
p(x) =1 —-a)'"™  p(q) = gga* (1 —-q)"

_ r(a)r(ﬁ) _ ! a—1 -1
B(a, B) = Fla 1 9) —/0 g '(1-q)°
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More about priors — conjugate distributions

p(|0) = p(Olp)p(1)
Juco P(OI)P(k)dp
Discrete Continuous
Bernoulli Beta
()= (1-a)™ p(q)=gampe* (19"
Multinomial Dirichlet
Poisson Gamma
X k—1 A
p(x) = %e_)‘ p(\) = ele |>:(k) e e
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Probability of the observation — coin tossing

1
p(Olanar) = /0 p(O1pr)p(Phlach, cve) dpn
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Probability of the observation — coin tossing

1

p(Olom, ar) = / p(Olow)P(phln ace) dp
0
! 1 1 1
— Np 1— nt p— 1— ot— d
/Op,,( Ph) B(ah,at)ph (1—pn) Ph
1 ! nptap—1
— 1— nz—l—ar—ld
B(Oéh,at)/o ph ( ph) Ph
1

- _ - B
B(ap, at) (7, e+ )



Probability of the observation — coin tossing

1

p(Olap, ar) = P(Olpn)p(pnlan, acr)dpn

1

1
Np 1 — pp 1—n: ah_l 1 _ atfld
0 ph ( P ) B(Oéh,Oét)ph ( ph) Ph

J
J

1 ! _
= / ppr (1 — pp)" e dpy
0

B(ahaaf)
1
= ———B(np+apn+a
B(Oéh,Oét) ( h h t t)
[(an)l (on)
B = _— =
(an, o) Map + ar)

MNa+1)=al(a)
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Predicting a new observation

p(x = 1,0l )
p(O|Oéh, Oét)

p(x = 1|0, an, at)

p(Olan, ar) = B(np + ap, ne + )

B(ap, at)
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Predicting a new observation

p(x =1, Olap, o)
p(O’ahaat)
Baran B(nh + 1+ an, ne + ay)

px =1]0,anar) =

mB(nh + Qp, Nt =+ Oét)
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Predicting a new observation

p(x = 1|0, an, at)

p(x = 1, Olan, ac)

p(O’ahuat)
)B(nh + 1 + Qp, Nt + Oét)

1
B(ahﬂlt
mB(nh + ap, Ny + Oét)

B(np + 1+ ap, nt + ay)

B(nh + Qp, Nt =+ Olt)

F(np+1+ap)l(netor)
T(N+1+ap+ar)

F(np+ap)l(netar)
F(N+ap+at)
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Predicting a new observation

p(x = 1|0, an, ae)

p(X = 15 O|Oéh, at)

p(o|0[h,0[t)
mB(nh —+ 1 —+ ap, Nt + at)

mB(nh + Qp, Nt =+ at)
B(np + 14 ap, ny + ay)

B(np + ap, ne + o)

F(nh+1+ah)r(nt+o¢t)
T(N+1+aptar)

I (np+op)l (ne+ae)
F(N+ap+at)

np+ ap

N+ ap + a;

MNa+1)=al(a)
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Bayesian estimation — example

O: A sequence of N coin tosses, N = nj + n;
e phloy, o

P(Ol1)p(n)
p(O)
IIi- 1, n P(X = xilpn)p(Pnlach, aut)

fo i—1.n P(X = xi|pn) p(pnlcn, o) dpn

p(p|0) =
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Bayesian estimation — example

O: A sequence of N coin tosses, N = nj + n;
e phloy, o

P(Ol1)p(r)

p(O)

Hi:l,N p(X = xilpn)p(Pnlcth, at)
Iy [Ti=1.n P(X = Xilpn)P(Pnlcn, cct)dpn
pzh(l o ph)nt B(ai,at)p?hil(l - ph)atil
)B(”h + ap, Ny + )

_ 1
B(ap,ot

1 nh+ah—1(1
B(nh—i—ah,nt—l—at) h
= Beta(pn|np + ap, ne + o)

p(ulO) =

_ ph)nt—i-at—l

29 /39



Bayesian network

Coin tossing
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Latent Dirichlet Allocation

Coin tossing Latent Dirichlet Allocation

parameters @ Dirichlet parameter @ Eopic
yperparameter
model Per—document M @ K| Topics

topic proportions

P, B

N Y Nm
observations @ Per—word @ @ Observed word
[Oplc ﬂsslg“me"[
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Latent Dirichlet Allocation

Coin tossing Latent Dirichlet Allocation
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Topic models

i
. Topic proportions and
Topics Documents assignments
gene .04
ok oa ing Lif esBare (G enc) Necessities
life 0.02
evolve 0.01

organisn 0.01

data 0.0
number 0,02
o Gl

Each document is a mixture of topics:

DLCERE SOTEE

Each word is drawn from one of its document s topics:

k

P(Winn) = D p(Wnalzimn = K)p(2mn = k) = > ic(Winn)m.i
k
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Topic models

Topic proportions and

Topics Documents
assignments

The observations are the documents: wy,, m € 1, M
We need to infer the model, i.e the underlying topic structure,
i.e. the topic assignments z,, ,, the topic 0,, mec1l,M and
word distributions ¢y, k€1, K
Priors:

0 ~ distribution with hyperparameter «

¢ ~ distribution with hyperparameter
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Topic models — Latent Dirichlet Allocation

p(fle) = B(la) [Tee

k
> Oy =1
k

« controls the mean shape and sparsity of 8
The topic proportions (6,,) are a K-dimensional Dirichlet
Zm n are multinomial distributions from 6,

K

NI e
p(zZm,n|0m) = e mk
| J PR e

35/39



Topic models — Latent Dirichlet Allocation

p(¢|8) = va !

Z¢k,v =1

(B controls the mean shape and sparsity of ¢
The topics (¢x) are a V-dimensional Dirichlet
Wpm,n are multinomial distributions from ¢, |

P(Wm,n|dk) = H¢

1Vv1
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Topic models

pP(x=1,0lap, ) _ _nptap
p(Olap,ar) N+op+at

Remember: p(x = 1|0, ap, at) =

p(zi = k, wilz_i) = p(zi = k|z_;)p(wi|z)

p(zi = klz_i,a) = p(zi = kl|z_i, @)
nzﬁ%_i + Qi
= K -
2 (nzy, i+ )
= §m7k an approximation of 8, «
nwi .+ By,
p(wilzi, ) = !

S (nwf + By)

br(w;) an approximation of ¢ (w;)

Sample z; and assign it at possition i: z; x émykgfgk(w,-)
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Inference via Gibbs sampling

River Stream Bank Money Loan
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Figure 7. An example of the Gibbs sampling procedure.

Sample z; and assign it at possition i z; o 0Am7k<2>k(w,-)
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